Kneser type theorems for ordinary differential equations in Banach spaces  by Kubiaczyk, I
JOURNAL OF DIFFERENTIAL EQUATIONS 45, 139-146 (1982) 
Kneser Type Theorems for 
Ordinary Differential Equations in Banach Spaces 
I. KUBIACZYK 
Institute of Mathematics, A. Mickiewicz University, 
Matejki 48149, 6&769 Pornan, Poland 
Received March 6, 1980 
There are known theorems on the existence of solutions or ordinary 
differential equations in Banach space. For the solutions iff is only assumed 
continuous, it has been shown that continuity of the right side, or even 
uniform continuity on bounded sets is insufficient for existence of solutions 
[6], even if E is a Hilbert space, P’ or Lp space [20, 13,2]. 
Always for the weak solutions if f is only assumed weakly weakly 
continuous, it has been shown that weak weak continuity of the right side is 
insufficient for the existence of weak solutions [7]. 
In this paper we give some theorems on the sets of solutions and weak 
solutions of ordinary differential equations in Banach space using the idea of 
the family of Euler’s polygonals line. Namely, we prove that under some 
assumptions this set is nonempty, compact and connected. These results 
generalize those of [g-11, 14, 16-181. 
Throughout this paper (E, I( . I]) will denote a real Banach space, Z = [0, a] 
a compact interval in R, C(Z, E) the Banach space of all continuous 
functions u:Z+E with the norm (]u](, = sup((]u(t)]]: t E I} and 
B, = {x E E: /Ix-x0]] < b}. We consider the Cauchy problem 
x’ = f(f, x), x(O) =x0, (1) 
where f: Z x B, + E is bounded and either continuous or uniformly 
continuous. Let 
~4 = su~{ll.tV, XII: 0,~) E 1 x B61, 
J= [Q h], h = min(a, b/M). 
DEFINITION 1 (K. Kuratowski). For any bounded subset X of a metric 
space E we denote by a(X) the intimum of all E > 0, such that there exists a 
finite covering of X by sets of diameter QE. 
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The number a(X) is called the measure of non-compactness of the set X. 
(For properties of a see [ 1, 3,9, 15, 161.) 
We now give several emmas which are used in proving our theorems. 
LEMMA 1. Let A and B be bounded subsets of E. Then 
(1) flA c B then a(A) Q a(B); 
(2) a(A) = a(l)); 
(3) a(A) = 0 if and only if2 is compact; 
(4) a(A U B) = max{a(A), a(B)}; 
(5) a(A) = a(conv A); 
(6) a(A + B) < a(A) + a(B); 
(7) a(x + A) = a(A), where x E E; 
(8) a(tA)=t *a(A), thO0; 
(9) a(A) Q 6(A) (the diameter of A); 
(10) 4UOGAGh W = ha(A). 
LEMMA 2. For any bounded subsets A, B c E, A = {a,: t E T}, 
B=(b,:tET} 
4aA) -4lbJ) G a(@, - W. 
The proof of this lemma is similar to the proof of Lemma 3.3 in [ 141. 
LEMMA 3. Let H c C(I, E) be a bounded, equicontinuous family of 
functions and set H(t) = {u(t) : u(.) E H, Then 
a(H) = sup{a(H(t)) : t E I}. 
For a proof see Ambrosetti [ 11. 
PROPOSITION 1 [8]. In every topological space the intersection of a 
decreasing sequence of compact and connected subsets is compact and 
connected. 
DEFINITION 2. Let 17 be a positive number. A continuous function 
u: .I+ E is said to be an q-approximate solution of the Cauchy problem (1) 
if it satisfies the following conditions: 
(a) u(O)=x,, IIu(t)-u(s)ll<M(t-sl for t,sEJ; 
(b) sup{]]u(t) - u(t’) - I:, f(s, u(s)) dsll < q It - t’l; t’ t’ E J}. 
We shall denote the set of all q-approximate solutions by S,. 
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PROPOSITION 2. If f : I x B, + E is uniformiy continuous, then the set of 
all q-approximate solutions of the Cauchy problem (1) defined on J is 
connected in C(J, E). 
Proof. For the proof we define the family 
V={x,(.):O<&<h} 
of Euler’s polygonals line for problem (1). For any fixed E > 0 let 
x,(t) =xgt for O<t<e, 
xe(t) = xs(tj) + tt - ti> f tti9 xe ti), for tE [tjvtj+l]T 
where ti = ie, i = 1,2 ,..., n,, n, k [h/e], &+ 1 = h. 
The definition implies that x,(t) E B and 
II x,(t) - x,(s)ll s M I t - 4. (2) 
By (2) and uniform continuity off it follows that for any q > 0 there 
exists E(V) such that x,(e) E S, for any E < E(V). 
Next for any fixed 0 < E < /3 = min(h, E(V)) we prove that x,(t) --f x,(t) if 
8 + E uniformly on J. 
Let tE[tj,tj+,], where t,=ie and tE[tk,tk+l], t,=k& Since 8+e 
implies tk + ti and x&) -+ x,(t,), so by uniform coninuity off we have 
Ilx&(t) - xc(tIl G Ilx8(tk) - xc(tiIl + IKt - tk)f tfkv X&(tk)) 
- tt - ‘i> f Cti, x~(t*)Il 
S Ilxtdtk) - xc(tiIl + M I ti - tk I 
+ I t - ttl ’ Ilf tfk 3 x*(fk)) - f ttiy x,(ti)Il + O 
if 6 + E for each t E [0, h]. Consequently E + x6(.) is a continuous mapping 
of (0, /?) into C(J, E), and therefore the set V = Ix,(-): 0 < E < /?} is 
connected in C(J, E). 
Now we are going to prove that the set S, is connected. First for each p 
with 0 Q p < h, and every z(-) E S, and fixed E,, < E(V) we define a set T, by 
the formula T, = {z,(.): p E J}, where 
zpw = 40 for O< t <p 
= Z(P) for PStS([P/~J+ lbo=tp 
= Zp(tJ + tt - ti)f Ctiy Zp(ti)) for tj<t<ti+, 
for i = [p/eO] + l,..., [h/EO] = n(eO), tntroj+ 1= h. 
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Observe that z,(e) E S,. Now we prove that z&f) -+z,(t) if q + p 
uniformly on J. 
Let 0 < p < q < h, then for t < p, Ijzq(t) - zp(t)ll = 0. If t > p then since 
q+ p we can choose q such that t > q > p, [p/e] = [q/e]. Let tE [ti, ti+,]. 
then 
II Z&) - ZpWll = 114~) + (t,+ 1 - t&m,, z(q)) 
+ ‘.’ + tt - ti)f(ti9 Zq(ti>> -z(P) - ttp+l - tp)S(tp, z(P)) 
- “’ - (t - ti)f(tiP zp(ti))ll 
G IIW - Z(P>II 
+ @,+I - 4J Ilf(t,~ z(q)) -.f& Z(P>>II 
+ ‘** + Ct - ti> * Il.fIti, zq(ti) -ftti, zp(ti)Il* (3) 
Since q + p and f is uniformly continuous we obtain from (3) that 
z,(t) -I z,(t) for each t E J. 
From this we conclude that p-+ z,,(.) is a continuous mapping of [0, h] 
into C(J,E), and consequenctly the set T, is connected in C(J,E). Since 
zO(.) = x,(.) E Vn T,, the set VU T, is connected, and therefore the set 
w= Urss, T, U V is connected in C(J, E), which ends the proof. 
DEFINITION 3. We shall say that w is a Kamke function on [0, a] if 
(i) w: [0, a] X [0, co) + [0, coo); 
(ii) w(t, 0) = 0; 
(iii) u(t) = 0 is th e unique continuous solution of 
u(t) < 
I 
’ w(s, u(s)) ds 
0 
for which lim+,,+(u(t)/t) exists and is 0. 
Now we prove a theorem on the set of all solutions to Cauchy problem (1) 
which is a generalization of Theorem 3.1. of Li [ 141 and the result of Goebel 
and Rzymowski. 
THEOREM 1. Let f: Z x B, + E be uniformly continuous and let w be a 
Kamke function on J. Write 
g/lo, x) = x - hf (6 x), for h > 0. 
Assume that for any subset Xc B 
4 a,(& Xl> > 4X) - Wt, 4x>) for all t E J, 
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Then the set of all solutions of the Cauchy problem (1) defined on J is 
nonempty, compact and connected in C(J, E). 
Proof. By Proposition 2 the set S, for any rl > 0 is connected. 
Theorem 3.1 [ 141 implies that this set is nonempty. If we put p(t) = a({ Y(t)}) 
where {Y(t)} = {y(t): y(-) is the solution of (l)}, then using Lemmas 2 and 3 
similarly as in [ 141 we prove that the set {Y(t)} is compact, so the set S of 
all solutions is compact. 
Now we prove that this set is connected. Put V, = Srln for n = 1,2 ,... . 
Then V,, is a decreasing sequence of nonempty closed connected subsets of 
C(J, E), and 
s= fj V”. 
n=i 
Suppose that the set S is disconnected. Thus there are nonempty closed 
sets W, , W,, such that S = W, U W, and W, n W, = 0. Furthermore there 
are two disjoint open sets U,, U, of C(J, E) such that W, c U,, W, c U,. 
Let u= u, v u,. 
Suppose that for every n EN = {n = 1,2,...} there exists an x, E V,,\U. 
From the proof of Theorem 3.1 [ 141 there exists a subsequence (x,$ of (x,) 
converging uniformly to a function x E S\U since U is open; a contradiction. 
Therefore there is m EN such that V, c U. Because S c V,,, c U, so 
U,nV,#Izr#U,nV,,,. Now if we put P=U;nV,,, Q=u;nv,,,, then 
V, = P U Q, P # 0 # Q, and hence V,,, is disconnected, in contradiction with 
the connectedness of V, for every n E N. This proves that S is connected. 
Now we prove the following theorem: 
THEOREM 2. Assume that f: I x B, -+ E is continuous and 
df(J x VI < k .@‘I (4) 
for every subset V of B, ana’ 0 < hk < 1. 
Then the set of all solutions to the Cauchy problem (1) defined on J is 
nonempty, compact and connected in C(J, E). 
Proof: Let H be the set which can be constructed as in [ 161 
H=x,+ U Lconvf(JxH). 
O<l<h 
Using Lemma 1 we can prove that H is compact. We consider 
f: J x H -+ E, so f is uniformly continuous and let ]] f 11 Q M. Now we define 
S, as the set which satisfies (a), (b), from Definition 2 and additionally 
(cl u(t) E x0 + u 1 conv f (I X II). 
O<A<I 
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It is easy to see that the Euler’s polygonals line x,(e) E S,. We prove that 
z,(e) satisfies condition (c). Because z(m) E S, so for 0 < t < tp 
zp(t) E x0 + U 1 conv f(J X H). 
O<l<t 
If ti < t < ti+, (ti = t,,-, h), then 
zp(t> = Z(P) + (tp, 1 - tp)f(tp 9 zp(tp)) 
+ . . . + (t - ti)f(ti, Zp(ti)) E X0 + IJ Iz conv f(J X H) 
O<AGP 
+ (tp+* - tp)f(tp 9 z,(tpN + **’ + (t - ti)f(ti, zp(ti))’ 
Let 
z,(t) =x0 + J-‘(6X, + *** + %A) + (t,+, - tp)f(tp, z,(t,)) 
+ **’ + Ct - t()f(ti9 zp(t,))v 
where 0 < A’ < p; a, + . . . + uk = 1; x, ,..., xk E f(J x H). Therefore 
x 
[ 
A’a, I’a 
ax,+ **a ++x,+ 
tp+l - tp 
LI fop, z,(tp)) 
+ + . . . qf(t[, zp(ti))] E xO 
+ (A’ + t - tp) conv f(J X H) c x0 
+ ,<y,, 1 mnvf(J x m 
where a = 1’ + (tp+l - tp) + ... + (t - tJ. Now we can conclude by 
Proposition 2, so S, is connected. Furthermore for each u(e) E V, we have 
that u(t) E H. From the Ascoli theorem it follows that the set V,, is compact 
and by Proposition 1 S is compact and connected. 
Remark. If $ is continuous and f = fi + fi, where Ilf,(t, x) - f,(t, y)II < 
L lb- YII and fz is completely continuous then f satisfies conditions (4). 
Therefore Theorem 2 generalizes ome of the results from [ 10, 11, 161. 
Using the above method and properties of P-measures of weak noncom- 
pactness, we can prove an analogous theorem as Theorem 2 for the weak 
solutions (for the definitions see [3,5]). Suppose that the space E endowed 
with the weak topology is weakly complete. 
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THEOREM 3. Assume that f: J x B, + E is weakly continuous and 
for every subset V of B, and 0 < hk < 1. 
Then the set of all weak solutions of the Cauchy problem (1) defined on J 
is nonempty, compact and connected in C,(J, E). 
This result generalizes the result from [ 181. 
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